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Abstract 

We discuss polarized lepton-proton scattering with special emphasis on the difference be¬ 
tween target polarization defined relative to the lepton beam or to the virtual photon direc¬ 
tion. In particular, this difference influences azimuthal distributions in the final state. We 
provide a general framework of analysis and apply it to the specific cases of semi-inclusive 
deep inelastic scattering, of exclusive meson production, and of deeply virtual Compton 
scattering. 
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1 Introduction 


Measurements of deep inelastic scattering on a polarized nucleon are an essential source of information 
in spin physics. The inclusive spin dependent structure functions gi and g 2 have become textbook 
material, and present-day experiments investigate selected final states that give access to a wealth 
of information about the role of spin in the internal structure of the nucleon. In semi-inclusive deep 
inelastic scattering (SIDIS) for instance, the Collins effect provides an opportunity to access the 
transversity distribution of quarks, and the Sivers effect [2] reveals the subtle role of gluon rescattering 
in QCD dynamics jH] . In exclusive channels like meson electroproduction and deeply virtual Compton 
scattering (DVCS), target polarization allows one to separate generalized parton distributions with 
different spin dependence. In particular, the transverse target spin asymmetry for appropriate final 
states |1] is sensitive to the helicity-flip distribution E, which carries information about the orbital 
angular momentum of quarks in the nucleon jH]. 

In experiment, the target polarization usually is longitudinal or transverse with respect to the 
lepton beam direction. For the strong-interaction part of the reaction, i.e., the 'y*p subprocess, longi¬ 
tudinal and transverse polarization with respect to the virtual photon momentum is however a more 
natural basis. The conversion between the two sets of polarization states is simple and well known 
for a target polarized longitudinally with respect to the lepton beam, whereas for transverse polar¬ 
ization the transformation is more involved. In the present contribution, we give a general framework 
to analyze transverse and longitudinal polarization data, both for semi-inclusive and for exclusive 
processes. 

The outline of this paper is as follows. In Sect.[21we give the general transformation between target 
polarization longitudinal or transverse with respect to either the lepton beam or the virtual photon 
direction. In Sects. iniand|l]we derive and discuss the general expression of the polarized lepton-proton 
cross section in terms of cross sections and interference terms at the 'y*p level. We apply these results 
to the specific cases of SIDIS and exclusive meson production in Sects. Eland El In Sect. [3 we derive 
positivity bounds and show how they may help one to separate contributions from longitudinal and 
transverse photons in the cross section. The special case of DVCS is discussed in Sect. |H1 and we 
summarize our results in Sect. El Some additional material is given in three appendices. 

2 Transformation of the target spin 

We consider lepton-proton scattering processes of the form 

m+p{p)^Ki')+HPh)+x{p') ( 1 ) 

with four-momenta given in parentheses, i denotes the lepton, p the target proton, and h a produced 
hadron. X can be an inclusive system of hadrons as in SIDIS, or a single hadron as in exclusive pro¬ 
cesses. The virtual photon radiated by the lepton has momentum q = I — I'. We use the conventional 
kinematical variables for deep inelastic processes, xb = Q‘^I{2P ■ q), y = {P ■ q)/{P ■ 1), 

and the azimuthal angle cj) between the hadron and lepton planes as shown in Fig. ^ Our discussion 
in this section also covers the case of virtual Compton scattering, where h is a real photon, as well 
as processes where h is a system of several particles. In this section we do not make any kinematical 
approximations, except for neglecting the lepton mass. 

To transform between the different target polarization states, we find it useful to introduce two 
coordinate systems C and C in the target rest frame, with respective axes x, y, z and x', y', z' as 
shown in Figs. Hand El The z axis points along q, whereas the z' axis points along 1. The x axis 
and the x' axis are chosen such that I' lies in the x-z and the x'-z' plane and has a positive x and 
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x' component. The y and y' axes coincide. The two coordinate systems C and C are related via a 
rotation about the y axis by the angle 6 between q and 1. In terms of invariants we have 


sin 6 


= 7 ' 


1 - 2/ - il/V 
1 + 7 ^ ’ 


7 = 2xbMp/Q, 


( 2 ) 


where Mp is the proton mass. In deep inelastic kinematics 7 is small, and so is sin0 ~ 7-^/1 — y. 
Note for instance that 7 ^ is the parameter controlling the size of target mass corrections in inclusive 
DIS 0. 

We parameterize the target spin vector S in the two coordinate systems by 


S 


c 


^ St cos (j)s \ 
St sin (j)s , 

V J 



^ Pt cos 'll) \ 
Pt sin -0 , 

V ) 


(3) 


so that Pt, Pt specify longitudinal and transverse polarization relative to the lepton beam direction, 
and Sl, St longitudinal and transverse polarization relative to the virtual photon direction. Likewise, 
V' is the azimuthal angle of the target spin around the lepton beam direction, whereas (j)s is the 
corresponding azimuthal angle around the virtual photon direction. Pl and Sl are between — 1 
and 1, and Pt and St are between 0 and 1. The sign convention for the longitudinal case is such 
that Pl = +1 and Sl = +1 correspond to a right-handed proton in the ip and 7 *p center of mass, 
respectively. The values of Pl and Pt are determined by the experimental setup, whereas Sl and St 
depend on the kinematics of an individual event. The rotation from C to C readily gives 


St cos (/>5 = cos 9 Pt cos ^|J — sin 9 Pl , 

St sin (ps = Pt simp, 

Sl = sin 9 Pt cos Ip + cos 9 Pl- (4) 

We remark that, although we work in the target rest frame, our results can readily be applied to a 
polarized ip collider, whose laboratory frame is obtained from the target rest frame by a boost along 
the lepton beam momentum. Pl and Pt then give the longitudinal and transverse polarization of the 
proton beam with respect to the beam axis. 


2.1 Longitudinal polarization with respect to the lepton beam 

We have Pt = 0, so that 

Sl = cos9Pl, St cos( ps =—sin9 Pl, STsin<ps = 0. (5) 

If we allow St to be negative, so that {St, <ps) and {—St, (ps + T^) are equivalent, the second and third 
relation can be written more simply as St = — sin 9 Pl and (ps = 0. 


2.2 Transverse polarization with respect to the lepton beam 

With Pl = 0 we find 

St cos <Ps = cos 9 Pt cos 'tp, St sin (ps = Pt sin 'i/;, Sl = sin 9 Pt cos ip. 


( 6 ) 


It turns out that the expression for the cross section in the next sections are considerably simpler 
when written in terms of the angle (ps instead of 'ip. We can use the relations © to obtain 


sin Ip = 


cos 9 sin (ps 
— sin ^0 sin‘^(ps 


cos ip = 


cos (ps 


Y^l — sin^0 sin^(^5 


(7) 
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Figure 1; Kinematics of the process (P) in the target rest frame. P^t and St respectively are the 
components of Ph and S perpendicular to q. (The target spin vector S is not shown.) cj) and 
respectively are the azimuthal angles of Ph and S in the coordinate system with axes x, y, z, in 
accordance with the Trento conventions [7j. 





Figure 2; The lepton plane in the target rest frame. The y and y' axes coincide and point out of the 
paper plane. 
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and, inserting this into the same relations, finally have 


St = 



sin e cos (j)s „ 

Sl = , 

Y 1 — sin^0 sin^(/)5 


( 8 ) 


The phase space element is however simpler in terms of ip, which describes the azimuthal distribution 
of the scattered lepton around the beam axis, with the reference direction provided by the target 
spind Namely, we have 


dH' 


-— dxB dQ^ dip 
Axb 


—^ dxB dQ^ dps 
Axb 


cos 0 

1 — sin^0 sin^(/)5 


(9) 


The transformation from dp to dps introduces an explicit ps dependence. In deep inelastic kinemat¬ 
ics, one has however dp « dps up to corrections of order 7 ^. 


2.3 Cross section and asymmetries 

The dependence of the (.p cross section on the target polarization is at most linear in the spin vector S. 
This follows from the superposition principle and becomes for instance explicit in the spin density 
matrix formalism used in the next section. For an unpolarized lepton beam we can therefore write 
da/{dxB dQ^ dp dp) = qq + S ■ a, where oq and a only depend on the four-momenta of the reaction 
o but not on the target spin. Expressing the vectors in our coordinate system C we have 


da 


= ao + St cos ps ai + S't sin ps 02 - S'los, 


dxB dQ'^ dp dp 

where the ai depend on xb, y, and p but not on ps or p. With © and (ISl) we have 


( 10 ) 


1 da 
27r dxB dQ'^ dp 

da 

dxB dQ'^ dp dps 


Pt=0 


Pl=0 


= ao — Pl sin 9 ai — Pl cos 9 as, 


cos 9 


1 — sin^0 sin^(/)5 

cos 9 cos Ps ai + cos 9 sin ps 02 — sin 9 cos ps as 


ao + Pt ■ 


1 — sin^0 sin^(/)5 


( 11 ) 


where in the first relation we have integrated over p and in the second one we have used © to trade 
dp for dps- 

It is often useful to express the spin dependence of a process through asymmetries. We define 
asymmetries for longitudinal and transverse target polarization with respect to the lepton beam 


A 


e 

UL 


Mjt{4>s) 


da{PL = +1) - da{PL = -1) 
da{PL = + 1 ) + da{PL = - 1 ) 


da{ps) - da{ps + n) 
da{ps) + da{ps + n) 


Pt=1,Pl=0 


( 12 ) 


in accordance with the Trento conventions [7j. The subscript U indicates an unpolarized lepton beam, 
and for better legibility we have not displayed the dependence of the cross sections and asymmetries on 

^In the case where Pt = 0 one can define 'tp as the azimuthal angle of I' with respect to an arbitrary direction fixed 
in space. The cross section is then of course independent of this angle. 
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other kinematical variables (j), xb, Q^, etc. These asymmetries can be directly measured in experiment, 
whereas their counterparts for longitudinal and transverse target polarization with respect to the 
virtual photon direction 


A"< - 

^UL — 


^UTi^s) — 


dajSL = + 1 ) - dajSL = - 1 ) 
da{SL = + 1 ) + da{SL = - 1 ) 

da{(l)s) - dais's + tt) 
dcr{(ps) + da{4>s + vr) 


St=o 


(13) 

St= 1 ,Sl =0 

are more natural to describe the physics of the 'y*p subprocess. From cni) and m we readily obtain 
the transformation between the two types of asymmetries, 

^UL = cose Ajj^-sine 


^ut{^s) — 


^UL ^UT 

COS e aJjt{4>s) + sin e cos (ps Ajj 


UL 


— sin ^0 sin ^(/)5 


(14) 


and its inverse 


^UL 


^UTi^s) — 


COS 0 A^jjj^ + sin 0 

yr^^sin^e^in^ ^c/r(</'s) 


cos e 


— sm t/ cos 


e cos (jyg (^Ajj^ T tan e yl^2^(0)^ 


cos 05 ^ cos 0 Afjrp(0) — sin 0 Afjj^ ^ + sin cps ■ 


(15) 


An experiment having both longitudinal and transverse target polarization can hence uniquely recon¬ 
struct the asymmetries Ajjj^ and Ajjrp[(ps). To determine Afjj^{(f>s) at 05 = 0 or 05 = ^vr one can of 
course use data for all 05 , given that 


^UTi4’s) — 


cos (ps Afjrp[0) + cos e sin (ps Afjrp(^Tr) 
\Ji- — sin^0 sin^05 


(16) 


according to CH). Notice that the transformations m and require 0 to be fixed, which implies 
that the cross sections in jni and m have to be differential in both xb and (which also fixes y 
for a given c.m. energy of the ip collision). If the measured cross sections are integrated over wider 
bins in xs and Q^, the transformations can only be done approximately, with an average value of 0. 

Our results generalize straightforwardly to the case of a longitudinally polarized lepton beam. 
The relations m and m then hold separately for right- and left-handed beam polarization with 
coefficients a~* and . (Since we neglect the lepton mass, the lepton helicity is a good quantum 
number and frame independent.) Writing da^ and da^ for the respective cross section with a 
right-handed and left-handed lepton beam, we introduce double spin asymmetries 


A 


l 

LL 


^LTi4>s) 


da^{PL = + 1 ) - da^{PL = - 1 ) - da^{PL = + 1 ) + da^{PL 
d(7^{PL = + 1 ) + d(7^{PB = — 1 ) -|- dd^i^PL = + 1 ) + d(T^{PL 


zil 

- 1 ) 


Pt=0 


da^{(ps) - da^{(ps -|- tt) - da^{(ps) + da^{(ps -|- vr) 
da^{(ps) + da^{(ps + tt) -|- da^{(ps) + da^{(ps + tt) 


Pt=1,Pl=0 


(17) 


'V* “V* 

and their analogs A\^ and AJ^j^{(ps), with {Pl, Pp) replaced by (Sl, Sp)- One then has relations like 
(d, d and m with the subscript U replaced by L. 
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3 Prom ip to 'j*p cross sections 


In the previous section we have given the transformation between target polarization defined with 
respect to either the direction of I or the direction oi q = I — I'. We have not actually used that q is 
the momentum of a virtual photon which is radiated off the lepton beam and absorbed by the target 
proton. We now use this, which will in particular allow us to make explicit the interplay between 
the azimuthal angles (j) and ^s- The discussion in this chapter holds for processes like SIDIS and 
exclusive meson production, but not for DVCS (see Sect. El). 

Our evaluation of the Ip cross section closely follows the steps detailed in Sect. 3 of |H] for an 
unpolarized target. A reader not interested in the derivation may directly go to the result (|^. To 
describe the 7 *p subprocess we use a coordinate system C" with axes x'i y'\ z" as shown in Fig. ^ 
The z" axis points opposite to q and the x" axis is chosen such that Ph lies in the x"-z" plane and 
has a positive x” component.^ In this coordinate system the proton spin vector reads 


S 


C" 


^ St cos{(p - 4>s) \ 
STsm{(f> - (j)s) 

V J 


and the spin density matrix of the target [0] can be written as 


(18) 


_ Ir 

Pji ~ 2 "i* + ■ ^ji 


(T' 1 [ 1 + Sl St exp[-i{(p - (/) 5 )] 

2 \ STex.p[i{(l) - (l)s)] 1 -Sl 


in a basis of polarization states specified by two-component spinors 




1 

0 



(19) 


( 20 ) 


These states respectively correspond to definite spin projection and —^ along the z" axis, and to 
right- and left-handed proton helicity in the 7 *p center of mass. The components of cr in (d are the 
Pauli matrices. As is well known, the cross section can be written as 


do{lp IhX) oc 


dH' d^Ph 

^ 2 Pj^ ’ 


( 21 ) 


with a proportionality factor depending on xb, y and Q^. The leptonic tensor reads 


pu,. = . i) + ip^ 


( 22 ) 


with the convention eoi 23 = 1 and the lepton beam polarization Pi defined such that = -|-1 
corresponds to a purely right-handed and = — 1 to a purely left-handed beam. The hadronic 
tensor is given by 

+ Ph-P-q)Y. {hX\J,mp{j)), (23) 

ij X spins 

where is the electromagnetic current. Ylx denotes the integral over the momenta of all hadrons 
in X, and also the sum over their number if X is an inclusive system. There are further sums 

^We take the z” axis opposite to the « axis of coordinate system C, so that in the pp center of mass the proton 
moves into the positive z" direction, a choice favored in many theoretical calculations. 
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over target spin states i,j = and X^spins polarizations in the hadronic final state hX. We 

now introduce polarization vectors for definite helicity m of the virtual photon, 


- 

tn — 


e+i = 


1 


{q^ + 


^(0,-l,i,0), 


P-q 


pij. 


e-i = 


%/2 


(0,1, i,0), 


(24) 


with 7 defined in m and the components of e±i given in coordinate system C". As shown in [H], the 
leptonic tensor can be expressed as a linear combination of terms Up to a global factor 

the expansion coefficients form the spin density matrix of the virtual photon. They depend on Pi, on 
Q^, on the usual ratio of longitudinal and transverse photon flux 


e = 


1 -1/ - 

^-y + W + 


(25) 


and on the azimuthal angle The contraction 


can then be written in terms of quantities 




= Ea 


jt ^mn 


dtdMl{e>^W^ 


flU 




(26) 


where the xb and dependent proportionality factor is chosen such that amm is the 'y*p cross 
section for photon helicity m with Hand’s convention for the virtual photon flux. In (m we have 
integrated over the invariant momentum transfer t = {P—P')'^ = {Ph—q)‘^ and over the invariant mass 
= P'^ of the system X.^ The are polarized photoabsorption cross sections or interference 
terms, given by 

I dtdM]i + Ph - P - q) Y. (27) 

X spins 

in terms of the amplitudes for the subprocess 'y*p —> hX with proton polarization i and photon 
polarization m. Changing the basis of spin states one can rewrite interference terms as linear combi¬ 
nations of cross sections, as shown in App.EI We have defined our polarization states for protons and 
photons in the coordinate system C", whose axes are specihed with reference only to the momenta of 
the 7 *p process, but not to the lepton momenta or to the proton polarization. Therefore depends 
on the kinematical variables xb and Q^, whereas the dependence on s and (j) is contained in and 
the dependence on St, Sl and 4>s in Pji- From hermiticity and parity invariance we have relations 
'^nm S-ird 


n-P =(rrP )* = (_-\\rn-n-i+j ij /oo'i 

^nm \^mn) ’ ^—m—n \ ^mn 

with m,n = 0, -t-1, —1 and i,j = +^, —They imply that and are purely imaginary, 

whereas other interference terms have both real and imaginary parts. Using these relations and closely 

^The polarization vectors in lUSJ are identical to those in Eq. (3.16) of 0, where they are however given in a different 
coordinate system. We also note that the angle (p in [§] is equal to —cf) used here. 

■^The integration over Mx is trivial if X is a single hadron, because then Xx ~ J (fP'/{2P'°). Together 

with (P' + Ph — P — q) this leaves one delta function constraint in the hadronic tensor 
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following the steps of the derivation in [Hj we obtain our master formula 

aem 1 - XB 1 da 

Stt^ 1 — e xb dx b dcf) dip 

= ^ (o'++ + <7++) + ^ cos(20) Re - ^e(l + e) cos 4> Re (fi+fj' + cr+o ) 


-Pf 


'‘l ^e{l - e) sin 4 > Im (cr+fj" + a^Q ) 


-Sl 


e sin(2(/)) Im alppp + y^e(]~+^ sin cp Im ((t1{1q' — a^Q ) 

+ SlPi Vi- e'^ ^ (cjH - cos cp Re (u+J - a~Q ) 


— St 


sm{(p - (ps) Im (crt, + ea^Q ) + - sin(0 + <ps) Im at + - sin(3(/) - (ps) Im a , t 


2 ' ^ 2 
+ \Je{l +e) sin cps Im a+g + \f e{l + e) sin(2(/) - cps) Im a+o" 


+ SrPe 


\/l — cos(0 — (ps) Re a+. 


++ 


— cos (ps Re aljlg — cos( 2 (/) — cps) Re a_,_(j' 


(29) 


For the sake of legibility we have labeled the target spin states by ± instead of ±i. In the following 
we will also use the common notation 


or = + ^++)> ^L = (30) 

for the transverse and longitudinal 'y*p cross sections. The dependence of the ip cross section on e 
and on the angles (p and cps (or ip as explained in Sect. EH is fully explicit in (P|). 

Relations analogous to (EHl) and (EH) hold for cross sections and interference terms that are dif¬ 
ferential in Mjr and t, or equivalently in M‘j^ and P\ti where Pj^^t is the transverse component of 
the hadron momentum with respect to the virtual photon momentum (see Fig. ^). Let us analyze 
the behavior of the different interference terms in the region of small Pht- To this end we go to 
the 7 *p center of mass and consider the amplitudes for 7 *p —> hX as a function of the scattering 
angle 0 between h and 7 *. For semi-inclusive processes, we can choose the set of states X to be 
summed over in the cross section such that the system X has definite total spin jx and definite spin 
projection mx along its momentum. For exclusive processes we simply choose helicity states of the 
single hadron X. Also taking states with definite helicity m/j of the hadron h, we can perform a 
partial-wave decomposition of the 7 *p scattering amplitude (see e.g. jH]): 

■^mijx^rnx^rnh^Q) = J2<^lnijx,mx,mh]J) dVm,mx-mV^)- (31) 

J 

For 0 —> 0 the rotation functions follow the behavior ^/(0) ~ In the product (Aj„)*A^ we 

thus have a sum over terms which behave like 0 to the power \i — m — mx + P\j ~n — mx + mh\ > 
|i — m — j -|- n|. Since 0 ~ \PhT\ for small 0, we finally obtain a power behavior like 

f](T^^ I ■ -I 

^^\p^^\\m-n-^+3\ iorPhT^V (32) 
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or like a higher power of \PhT\- Applying this to our cross section formula (12111) we find the simple 
rule that terms coming with an angular dependence cos{M4> + N(f)s) or sin(M0 + N(ps) behave like 
dalln/{d-Pfir) ~ \PhT\^ or like a higher power, where M = 0,1, 2,3 and N = —1,0,1. 

Using the transformations © and (jSl) we obtain from (HH) the cross sections for definite target 
polarization with respect to the lepton beam, 


aem l-XB 1 

da 

dvr^ 1 — e xb 

dxB dQ‘^ dcj) 


= terms independent of Pl 


Pt=0 


— Pl sin (j) ^ cos O^J e{\ + £)lm — a_^_Q ) — sin 0 Im + eaQQ ) —sin 0 ^ Im crl}l_ ^ 
+ sin(2(^) ^ cos 6 e Im — sin 6 e(l + e) Im frljlg 


— sin(3(^) sin 0 — Im cj_|_jl 


+ PlPi 


cos ( 


OVl - ^('^++ “ '^++) + sin6(ye(l - e) Recr+g 

(j) ^ cos 0 Re ) + sin0\/l — Re(Tl{h,l^ 

+ cos(20) sin 0^6(1 — e) Reu^J 


— cos 


(33) 


for longitudinal and 


cos 9 

-1 

Oem 1- XB 1 

da 

1 — sin^0 sin^05 


Stt^ 1 — e Xb 

dxB dQ'^ d(j) dcps 


Pl=0 


= terms independent of Pt 
Pt 


\J I — sin^0 sin^05 


PpPl 


— sin^0 sin^05 


sin 05 cos 6 Y^e(l + e) Im 
+ sin (0 - 05 ) cos 9 Im (< 7+0 + eaQQ ~) + - sin 0 Y^e(T+^Im ((t 1 { 1 (]' - (t 00 )) 
+ sin(0 + 05) ^ cos 0 I Im a^Z + ^ sin0Y^e(l + e) Im (crl}];)' - < 700 )^ 

+ sin(20 — 05) ^ cos 6 -\J e(l + e) Im 70 ))" + - sin 0 e Im <7+-) 

+ sin(20 + 05) - sin 9 e Im aljll 
+ sin(30 — 05) cos 0 ^ Im 700 

cos 05 ^cos0Y^e(l — e) Re7l{l0 — sin 6 \/1 — -{cr^X ~ '^++)) 

- cos(0 — 4>s) ^ cos 0-\/l — Re 7 l{l 0 — - sin0Y^e(l — e) Re ( 7 l{^(j' — cr00)^ 

+ cos (0 + 05 ) i sin (9Re ( 7 +(j' - 700 ) 

+ cos(20 — 05) cos 9 \Je{l — e) Re 70 q" (34) 
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for transverse polarization. The terms independent of Pl and Pt are those given in the first two 
lines on the right-hand side of (EH). Although the expressions for the experimentally accessible 
cross sections EH and EH are a little lengthy, they have a clear structure. Using the relations 
cos(f>s sm{n(f>) = ^[sm{n(f>+(l)s) + s,m{n(f> — (ps)] and cosc/)s cos{n(f>) = ^[cos{n4>+(j)s) + cos{n(l) — <:f>s)], 
we have written the cross sections such that the terms in each line can be experimentally separated 
by measuring the dependence on (p and (with transverse target polarization) on ps- Different terms 
Q'^) multiplying the same function of p and ps can be separated by the Rosenbluth technique, 
measuring at several ip collision energies to get several values of e at the same x b and . A different 

possibility is to combine data with transverse and longitudinal target polarization. Here one can 
analyze a limited number of terms at a time: 

1. The three combinations Im((T]jl(^ — Im -|- eiT(j()~) and ImfrljlZ can be separated by 

combined analysis of the sincp term in the longitudinal cross section EH and the sin (0 — ps) 
and sin((/) -t- ps) terms in the transverse cross section (1)141) . Further separation of Imcrljl^ and 
Irnug))” is only possible with the Rosenbluth method, as is the separation of the cross sections 
ax and in ax + sctl- The terms just discussed are of particular physical interest, and we will 
come back to them in Sect. ElElandlZl 

2. The cross section difference uljzjl — and the interference term Recrjjjfj" can be obtained by 
combined analysis of the 4> independent terms in EH and El, i.e. by integrating over p and 
forming double spin asymmetries for polarized beam and target. In this case, the transformation 
between asymmetries for target polarization with respect to the beam or to the virtual photon 
direction is well known from the measurement of the structure functions gi and §2 in inclusive 
DIS. We give the relation between the notation usually employed in the literature and ours in 
App.lH 

3. Imul}!^ and Imfjjjfj" can be separated by measuring both the sin(2(/>) term in (j33|l and the 
sin(2(/i — (ps) term in (I34j) . Imaljll can also directly be obtained from the sin(2(/i -|- ps) term 
for transverse target polarization, where it is however suppressed by sin0. The situation is 
analogous for the cos p term in (1331) and the cos{p — ps) and cos{p + ps) terms in (El- 

4. Imu^l can either be extracted from the sin(30 — ps) term in the transverse cross section, or 
from the sin(3(/)) term in the longitudinal one, where it is however suppressed by sin0. An 
analogous statement holds for the cos(2(/) — ps) term in (1341) and the cos{2pi) term in (1331) . 
Finally, the interference term Imaljlij' only appears in the transverse cross section (|34l) . 

To conclude this section we take a closer look on azimuthal moments for transverse target polarization, 
which are given by 

, ^ ..f S dpdpsw{p,ps)[S{p,ps)- S{P,Ps + tt)] 

{w{p,ps))uT = - (35) 

/ dp dps [S{p, ps) + S{p, Ps + tt)] Pj,=i,p^=o 

and similarly for the double spin asymmetry with polarized beam and target. For brevity we have 
written S{p, ps) = da/{dxB dQ^ dp dps) and not displayed the dependence on xp, y and Q^. Without 
the Ps dependence introduced by the global factor 


f{siT?ps) 


cos 6 

(1 — sin^0 sin^f/)^)^/^ 


(36) 


in the Px dependent part of S{p, ps), the moment of w{p, ps) = 2 sm{mp+ps) would directly project 
out the sm(mp -|- ps) term in the transverse cross section (El, where m = 0, ±1, ±2, —3. Taking the 
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effect of this term into account is straightforward, given that 

p27r r27T 

^ io X sm{n(j) + 4>s) sm{m4> + 4>s) (37) 



r2n 

1 dps fisin'^Ps) sin^Ps 

0 

= 1 + 1 sin^0 + O(sin^0) 

for n = 

m = 0, 

1 

p27r 

/ dps fisin^ps) 

JO 

= l + \ sin^0 + O(sin^0) 

for n = 

m / 0, 

1 

p2n 

/ dps f{siv?ps) (2 sin^ps - 1) 
Jo 

= 1 sin^e + O(sin^0) 

for n = 

—m / 0, 


1 


p27T /*27r 

/ dct> / 

/o JO 

1 


dcps /{sin^cps) cos{n(f> + 4>s) cos{m(f> + (ps) 

— / d(ps/{sin^cps) cos^ (ps = 1 — | sin ^0 — O(sin^ 0 ) 

vr Jo 

— / d())5 f^sin^cps) = 1 + i + ^(sin'^^l) 

Jo 

— / d (^5 /(sin^</> 5 ) (2 cos^ (/>5 — 1) = —| sin ^0 — O(sin^ 0 ) 

. 27r Jo 


for n = m = 0 , 
for n = m 7 ^ 0 , 
for n = —m ^ 0 , 


where for all other combinations of m and n the integrals are zero. For simplicity we have Taylor 
expanded the exact expressions, which are given by elliptic integrals. We see in particular that the 
moment ( 2 s\Ti{m(p+(ps) )ijj' projects out not only the sm{m(p+(ps) term in the cross section but has an 
admixture from the sm{m(p — (ps) term, and vice versa. This admixture comes with a prefactor | sin^0 
and therefore is typically small in deep inelastic kinematics. If high precision is required, one can 
readily invert the linear relation between the moments ( 2 sm{m(p + (ps) )ijj' and ( 2 sm{m(p — (ps) )ijj' 
and the coefficients of sm{m(p + (ps) and sm(m(p — (ps) in the cross section. Alternatively, one can 
avoid this mixing effect by including a factor 1 /f{sin‘^(ps) in the weight functions w{(p,(ps), which 
then also depend on 9. 

We emphasize that the results in this section do not depend on our choice of coordinate systems. 
They depend on the angles (p and <ps and on the phase conventions for spin states as specified in (HB 
and (1241) . which can be defined independently of a reference frame and coordinate system (see also [7]). 
We have used the different systems C, C and C" of Fig. ^ in order to have simple expressions in 
intermediate steps of our derivation. 


4 Hadron pair production 

In a number of physically interesting cases one considers processes 

m+p{P)^i{l') + h^{Pi) + h2{P2)+X{P') (38) 

with two hadrons hi and /12 instead of a single hadron as in O- Examples are semi-inclusive or 
exclusive production of tt+tt" pairs, either from the decay of a or from the continuum. Let us 
write Ph = Pi + P 2 for the total momentum of the hadron pair. To describe the kinematics of we 
need three more variables in addition to the case of a single hadron h (where one can e.g. choose xb, 
y, Q^, (ps, P, and PIt)- One additional variable is the squared invariant mass = P^ of hi and 
/i 2 , and the two others can be chosen as the polar and azimuthal angles i?, (p of the hadron hi in the 
rest frame of the pair, defined in a coordinate system with the z axis pointing opposite to P' and the x 
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axis taken such that P lies in the x-z plane and has a positive x component.® The invariant mass Mh 
is invariant under a parity transformation, and so is the polar angle (which can be expressed through 
scalar products of four-vectors). As a consequence, the relations (j28|l also hold for the differential 
cross sections and interference terms dcos ??), and our cross section formulae (P|). 

and (|3i|) can be made differential in and in cos "d. This is for instance important for the analysis 
of exclusive pion pair production, which we will briefly discuss in Sect. IHl Note that our results do 
not generalize so easily to the dependence on the azimuthal angle ^p. Since (p is not invariant under a 
parity transformation, the relations (P|) no longer hold when the <p dependence is included. General 
analyses of the cross section structure for this case can be found in m for an unpolarized and in m 
for a polarized target. 

A different generalization of the results in Sect. 0 is relevant for the analysis of semi-inclusive 
hadron pair production in the framework of dihadron fragmentation functions. This offers a way to 
measure the transversity distribution of quarks in the proton, see m for a discussion and references. 
In this case the ip cross section is required as a function not of the angle (p between the lepton plane 
and the plane spanned by q and Ph, but of the angle pR between the lepton plane and the plane 
spanned by q and the relative momentum R = \{Pi — P 2 ) (with all momenta taken in the target 
rest frame). Our derivation in Sect. EJ used 7 *p cross sections and interference terms for polarizations 
defined with respect to the q-Ph plane, with the crucial point that this definition only referred to 
the kinematics of the 'y*p subprocess. It is straightforward to repeat the derivation for polarizations 
defined with respect to the q-R plane, and the result will be the analogs of the cross section formulae 
(EH), EH and EH with p replaced by pR, and with 7 *p cross sections and interference terms referring 
to different polarization states than in Sect.lH The cross sections and the interference term 
are actually the same in both cases, since they appear without & p oi pR dependence, but all other 
interference terms will in general depend on the choice of polarization states. 

5 Semi-inclusive deep inelastic scattering 

Let us now take a closer look at semi-inclusive hadron production. It is customary to trade the 
variable for z = ■ P)/{q ■ P) in this case. In the kinematical limit of large at given 

xr, z and Ph, the cross section factorizes into a hard-scattering subprocess multiplied with parton 
densities and fragmentation functions that explicitly depend on the transverse parton momentum. 
The corresponding Born level expressions have been calculated in dH HH HU CB] at leading and first 
subleading order in 1/Q. We will remark on ag effects at the end of this section. The Born level 
results show a simple pattern: 

1 . At leading order in 1 /Q we have cross sections and interference terms and that involve 
only transverse photon polarization. They are expressed in terms of twist-two parton densities 
and twist-two fragmentation functions. These twist-two functions have a simple probabilistic 
interpretation in the parton model, see e.g. [iniEii- 

2. The interference terms between a transverse and a longitudinal photon are suppressed by 
one power of 1/Q. They involve a twist-two parton density times a twist-three fragmentation 
function or vice versa. 

3. The longitudinal cross section and the interference term do not appear in the result. 
At Born level they must hence be suppressed by l/Q’^ ■ 

®See for instance Fig. 6 in m or Fig. 5 in m, where these angles are denoted by or respectively. 
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Figure 3; Semi-inclusive hadron production 'y*p hX at large Q^. (a) Born level graph, (b) A 
next-to-leading order graph where the hadron h has transverse momentum of order Q. 


For brevity we will in the following refer to the cross sections and interference terms of point 1 as 
“twist-two” and to those of point 2 as “twist-three” quantities. The finding in point 1 has a simple 
physical reason. To leading accuracy in 1/Q the transverse momentum and the virtuality of the 
incoming and outgoing parton is set to zero when evaluating the hard scattering, which at Born 
level is just the scattering of a quark or antiquark on a virtual photon, see Fig. |2K- In the Breit 
frame one readily sees that conservation of the fermion helicity requires the photon to have transverse 
polarization. This is the well-known mechanism responsible for the Callan-Gross relation in inclusive 
DIS. 

For definiteness let us express the leading-twist results from m in terms of 7 *p cross sections and 
interference terms. Using the abbreviation 


we can write 
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with convolution integrals given by 


T 


wfD 


f d^PTd^kT5’^‘^'>(pT-kT- Phr/z) ^t)(41) 

a=q,q 


where / represents a parton density, D a fragmentation function, and w an additional weight function. 
To write the weight functions in a compact way we have used angles ipp = 5 Pht) and ipk = 

l{kT, Pht) in the transverse plane. The quark or antiquark densities (in lowercase symbols) depend 
on xs and on the transverse momentum pj^ of the parton relative to the proton. The fragmentation 
functions (in uppercase symbols) depend on z and on the transverse momentum of the parton 
relative to the hadron h (or the transverse momentum —zk^ of h relative to the parton).® We note 
that some of the convolutions in (|in|) acquire an explicit minus sign when the integrals over pj^ and 
krp are carried out, see e.g. App. D in m- As remarked in d, the convolutions m factorize into 
separate transverse momentum integrals over parton densities and over fragmentation functions if one 
forms weighted cross sections / dP\rp \Pj^rp/z daJ,^^/{dz dP\rp) with the power M = \m — n — i + j\ 
we encountered in (jSl. We shall not discuss all parton densities and fragmentation functions here 
(see d d for their definitions and d for an overview), but point out two terms of particular 
interest in ongoing and planned experiments ED mi 123 mi- The Sivers function together with 
the usual unpolarized fragmentation function Di appears in Im , and the transversity distribution 
hi comes together with the Collins fragmentation function in ImuijiZ. Many investigations have 
shown these functions to reveal subtle aspects of the dynamics and the structure of hadrons, see 
e.g. dUSI for recent reviews. 

We notice in that all possible cross sections and interference terms with transverse photons 
are nonzero. The results of duniiiHi show that all interference terms (t^^q are nonvanishing as well.^ 
Taking into account the behavior specified above and keeping in mind that sin0 is of order 1/Q, 
we can now discuss the relative size of terms which have the same dependence on (p and ps in the 
cross sections (d and d for dehnite target polarization with respect to the beam. 

1. For longitudinal target polarization the Sivers and Collins terms, ImiTi}Z|i and ImcrijiZ, come with 
a factor sin0 and thus appear with the same power in 1/Q as the twist-three interference term 
Im (fTij^Q" — cr^o")- For a transversely polarized target, this twist-three term is multiplied with 
sin0 and thus suppressed by l/Q^ compared with the Sivers or the Collins term. Furthermore, 
the Sivers term ImiTi}Z|i always comes together with Imco))”, which is suppressed according 
to our above discussion. 

2. For the p independent terms in the cross section the situation is reverse (and well-known from 
inclusive DIS). Here it is for transverse target polarization that both the twist-two cross section 
difference uijzji — and the twist-three term Refiijjf)’ appear with the same power in 1/Q. For 
a longitudinally polarized target this twist-three term is accompanied by sin0 and thus down 
by 1/Q^ compared with — cr^p. 

For the terms with cosp and cos{(j) — ps) in the polarized cross sections (I.SdIl and (I■‘'{4I) the situation 
is as in case 1, and for the terms with sin(2(/i) and sin(2(/) — ps) as in case 2. 

In those cases where a “competing term” in the cross section is suppressed by l/Q^, one may argue 
that it should be consistently neglected in an analysis based on theoretical results with accuracy only 
up to order 1/Q. After all, quantities like Imaiji^ have themselves l/Q^ suppressed contributions 

®See 1151 for a discussion of adequate reference frames in this context. We also remark that Phz in the notation of 
HU is the same as PhT in the present paper. 

^This is in contrast to semi-inclusive hadron-pair production in dependence of the angle cpH discussed in Sect. HI 
where the calculation of 1261 gives zero entries for several interference terms cr^_ and o-/q. 
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in addition to the leading-twist part which one would like to extract. In general, subtracting one 
particular type of power-suppressed term from an observable can improve the comparison with leading- 
twist theory, but it can also make it worse, since different power-suppressed terms may have opposite 
sign and partially compensate each other. Our case is however special. Taking for example the l/Q^ 
suppressed quantities elmo-Qj^” and sin^i/i^T+^Im — <7^(7)) which compete with ImiT++ in 
the sin((/) — cps) term, we see that they come with a different dependence on s. Since the are 
independent of this variable, these power-suppressed terms can in general not compensate power 
corrections in Im(T]}rj|] itself. This provides some theoretical motivation to try and separate such 
contributions, which may be of practical relevance especially if a twist-two term is “accidentally” 
small because the relevant parton distributions or fragmentation functions are. 

Let us finally remark on loop corrections to the Born level formulae on which we have based our 
discussion so far. At leading accuracy in 1/Q these have been recently investigated in [27L128] . Note 
that at next-to-leading order in ag there are hard-scattering graphs where two partons with transverse 
momenta of order Q are produced, see Fig. ISb. It was emphasized in m that such graphs do not 
contribute when PhT is small compared with Q and can be generated from the transverse momentum 
dependence in the parton densities and fragmentation functions, as expressed in (141 jl . They do 
however contribute if one integrates the cross section over all PhT (or takes PhT weighted cross 
sections as mentioned above). They produce effects at leading order in 1/Q and can be evaluated 
using standard collinear factorization, with parton densities and fragmentation functions that are 
integrated over the transverse parton momentum. In particular, these graphs generate an order Og 
contribution to the longitudinal cross section just as in the well-known case of inclusive DIS. 
Explicit calculation for an unpolarized target shows that they also generate a coscp and cos(2(/) 
modulation in the cross section m, described by the interference terms Re (cr/jQ" ) and Reu]/!. 

The lepton polarization dependence for an unpolarized target is due to Im ((Tjjjo' -|- Because 

of time reversal invariance, this term requires an absorptive part in the amplitude and thus appears 
only at order in the large PhT region [HO) . 


6 Exclusive meson production 


Exclusive electroproduction of light mesons such as £p ^p^p or Ip iir^n provides opportunities to 
study generalized parton distributions (GPDs), see jHEj for recent reviews. In the limit of large 
at fixed xb and t, the 'y*p amplitude factorizes into the convolution of a hard-scattering subprocess 
with generalized parton distributions in the nucleon and the light-cone distribution amplitude of the 
produced meson (see Eig. |1J). The factorization theorem shows that the leading transitions in the 
large limit have both the virtual photon and the produced meson longitudinally polarized, all 
other transitions being suppressed by at least one power of 1/Q [SH IS3]- This gives a hierarchy 
opposite to the one we have encountered for semi-inclusive production in Sect. O 

1. The only leading-twist observables are the longitudinal cross section and the interference 
term Uq))”. 

2. Transverse-longitudinal interference terms (t!/q are at least one power of 1/Q down compared 
with (Toj/". 

3. Cross sections and interference terms and (t!/_ with transverse photon polarization are 
suppressed by at least 1/Q^ compared with 


Using the abbreviation 


T' = 


Q6 1- XB 


(42) 
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Figure 4: Example graphs for exclusive production of a meson M at large Q^. Instead of the proton 
there may be a different baryon in the final state. The lower blobs represent twist-two generalized 
parton distributions, and the upper blobs stand for the twist-two distribution amplitude of the meson. 


the leading-twist results given in HEI] can written as^ 


°° — (1 “ I^mI^ - - 2^^ Re 


F' dt 


4M|^ 




WT Im 


F' dt 


Mr, 


(43) 


for mesons with natural parity like p^, p'^, / 2 , and as 


= (l-F)|WMp-F^|fMl"-2FRe(4w„). 


F' dt V ^ M„ 




(44) 


for mesons with unnatural parity like vr*^, 7r+, p. In the kinematical factors on the right-hand side® 
we have used the scaling variable ^ and the smallest kinematically allowed momentum transfer —to, 
given by 




XB 

2-xb' 


-*» = TV# 


(45) 


up to relative corrections of order xbM^/Q'^, XBt/Q'^ and Note that ^Jto — t oc iPhrl) so 

that the behavior of Im da^^ /dt illustrates our general result (EU). 

The quantities Tiu, £m, T^m, £m are integrals over the GPDs H, E, H, E appropriate for the 
production of the meson M (given in App.Ofor Ip —> ip^p and £p —> ^vr+n). They depend on t 
and Q^, where the dependence on is only logarithmic and reflects the familiar scaling violations 
from loop corrections to the hard-scattering kernels. We note that for mesons with natural parity 
both quark and gluon GPDs in general contribute at leading order in ag, whereas for mesons with 
unnatural parity only quark distributions appear at this accuracy ED- 

The interest of measuring Im daQQ /dt in addition to daQf^ /dt is immediately clear from (ESI) and 
EU- The combination of these two observables provides a handle to separate the contributions from 
the GPDs H and E ox H and E, which describe different spin dependence.^® The nucleon helicity- 
flip distributions E‘^ and E^ are of particular interest because they carry information about the 

®The relation between the angle [3 used in |1] and the angles used here is sin (3^ = — sinfi^ — (^s)here ■ 

®Their expressions for the case where outgoing baryon is not a nucleon can be found in DMI . 

'^^Unfortunately, these two observables are insufficient to uniquely determine both the size of the convolutions Hm 
and £m or Hm and £m and their relative phase. 


18 





















contribution from the orbital angular momentum of quarks and gluons to the total spin of the proton 
13 . With the behavior discussed above, we find from (1311) that with transverse target polarization 
one can obtain ImuQ^” from the sin((/> — (^> 5 ) dependent term of the ip cross section, where it comes 
together with the terms Im and sin 6 Im ), both of which are suppressed by at least 

IjQ^. In the cross section (l33l) for longitudinal target polarization, sin0Im(TQ^“ and Im((Tl{]g' — 
contribute to the sin cj) dependence with the same power of l/Q, together with at least 1 /Q^ suppressed 
terms sin^Imfjj}^^ and sin^ImcT^Z- We note that a nonzero effect for this sinc/i modulation has been 
measured in ep — > evr^n by HERMES ESI- 

As discussed in the previous section, one may want to extract separate 7 *p cross sections and 
interference terms without an a priori assumption on their relative size. The leading-twist interference 
term Im in iHHl) could for instance be “accidentally” small because Em is much smaller than Tiu 
or because their relative phase is close to zero. Combining data for transverse and longitudinal target 
polarization one can separate the terms Im(fTl{]^ -|- Im and Im((Tlj](j' — provided 

that one measures both the sin((/) — (j)s) and sin((^ + (^ 5 ) dependence for a transversely polarized 
target. Without the Rosenbluth technique one can however not isolate the longitudinal contribution 
in Im + SiTq^”), nor the longitudinal part from ut + £< 7 /, in the unpolarized cross section. 

Eor electroproduction of vector mesons one experimentally finds that the ratio is not very 

large for of a few GeV^ [IDL I36| , which means that the predicted power suppression of transverse 
photon amplitudes is numerically not yet very effective in this kinematics. In addition one finds that 
transitions with the same helicity for photon and meson are clearly larger than those changing the 
helicity mainni, which is commonly referred to as approximate s-channel helicity conservation. The 
largest power suppressed amplitudes are hence those from a transverse photon to a transverse vector 
meson. A possibility to remove this particularly important type of power correction in an analysis is 
to measure the decay angular distribution of the vector meson, say in p ^ tt+tt". Here we can make 
use of our result in Sect. El H only the dependence on the polar decay angle but not the azimuth 
(f is considered, our cross section formulae (1331) and (1311) can be made differential in cos??. Different 
helicities of the p do not interfere if (p is integrated over, so that for all m,n and z,j we have 


^ TT+TT p) 3 cost'd 


d(cos ??) 


PLP) + 


3 sin^?? 


<^mn{l*P PTP) 


(46) 


with 7 *p cross sections and interference terms for longitudinal and transverse p polarization. Since 
(T^lj^ipL) is the product of two s-channel helicity nonconserving amplitudes, it should be negligible 
in a^_lj^{pL) + £<7oo(pl)) unless e is small. Using the ?? dependence in (1131) to project out the pL 
contribution from the sin(i;f) — (^> 5 ) term in the cross section will hence help toward isolating the 
twist-two observable 

We finally mention that an angular analysis analogous to (|l6ll can also be performed for the 
production of continuum vr+vr” pairs, where one can measure the interference between partial waves 
with different total spin of the pion pair, see I3Z1I3I] and m The ?? dependence for interference terms 
da^~/{d cos i}) is the same as for the terms da^'^/{d cos d) accessible with an unpolarized target. 


7 Positivity constraints 

In Sect. 131 we introduced 'y*p cross sections and interference terms for specific polarization states. The 
7 *p cross section must be positive or zero for any polarization state of the photon-proton system, so 
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that Yhijmni^m)* ^mn ^ for arbitrary complex coefficients c^. This means that the matrix 
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^++ 


i Im a^Z 



*^-1-0 
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—ilm aZ- 

^++ 

-Kt)* 




—i Im a^Z 


1 -1- 
-h-H 
b 

1 


/ 


formed by must be positive semidefinite, where the rows and columns are ordered 

such that they correspond to the combinations (0, +^), (0, —(+1, +|)) (+1, (“!> + 5 )) (“1) 

of photon and proton helicities. In writing down ijlTI) we have used the relations (EHl) from hermiticity 
and parity invariance. We have not been able to find closed expressions for the eigenvalues of this 
matrix (and if they existed, they might be too complicated to be useful in practice). More tractable 
sets of positivity bounds can be obtained if one uses that submatrices of M are also positive semidef¬ 
inite. As simple example is the submatrix for longitudinal photons, formed from the first and second 
rows and columns of M, whose positivity implies 


Im a. 


00 I — 


< 4o+- 


(48) 


The submatrix for transverse photons, formed by the third to sixth rows and columns of M, has 
eigenvalues 

2ei^2 = — ImaljlZ + -|- Im(Tj,Zt 

2 e 3,4 = -|- Im a^Z + crZ^Z^ — Im 

± \J (cr+ljl -I- Imu+Z — (T++ -|- Im(Tl,Zt)2 + 4(RefTl|zt + ImfT++)^ + 4(Re(T++ — Imcr+jl)^ . (49) 

Note that 63 and 64 are obtained from ei and 62 by changing the signs of all proton helicity-flip terms 
fou'^ eigenvalues (jMl) must be nonnegative, which implies 

|Im(Tl}lZ| < (Tljz}!, |Im(Tj,Zt| (50) 

and 

^Recrljzt — Imcrljl^^ + ^Re(Tl|Z(l + Imaljll^ < — ImaljlZ^ (’^++ + Imcr+l), 

^Recrljzt -|- Imcrljl^^ + ^Re(Tl}Z,l — Imaljll^ < + Imaljiz) (’^++ “ Imu^l^. (51) 

One can easily obtain inequalities that are weaker than m but involve fewer interference terms, e.g. 
by omitting one of the squared terms on the left-hand-sides. Adding the bounds m one has 

(Reu+l)^ -I- (imcri}::,:)^ -I- (Reui}::,:)^ -i- (imfjij:!)^ < (o-++) ( 0 -++) - (im(T:|:z) (imu+j:), ( 52 ) 

where any of the terms on the left-hand side can be omitted. We note that the submatrix of M 
formed by the 1st, 2nd, 4th and 5th rows and columns has eigenvalues given in analytic form similar 
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Ima(5^9“ 



Figure 5: Region in the plane of ul and allowed by the positivity bounds (IlHl) and (1^^ . 

to (j49|l . as well as the submatrix formed by the 1st, 2nd, 3rd and 6th rows and columns. This provides 
inequalities similar to m which involve different cross sections and interference terms. 

As already mentioned, the dependence of the polarized ip cross section on (p and 4>s allows one to 
separate all 'y*p cross sections and interference terms, except for 

CT++ = ^{crl^X +^++) + £^ 00 ^ = ctt + sctl, Imcr+“ = Im (c7|+ +efT([o“), (53) 

whose individual contributions from transverse and longitudinal photons can only be disentangled by 
the Rosenbluth technique. Let us show how the bounds m restrict the longitudinal contributions 
and elmug))” to the measurable combinations ap'~^ and . For simplicity we start from 

the bound (1^ and omit the term ReiTl[l_|_, whose extraction requires measurement of the angular 
dependence in a double spin asymmetry. We then have 

{A-eaL)iB - eaL) - {C - > D, eaL<^{A + B), (54) 

where 

A = 0 -++ + i(cj||-a++), .B = CJ++- i(cj|J-a++), C = Imo-+", 

D = (Recrljljl)^ + (ImfiljLt)^ + (ImcrljlZ) (Imcr^l) (55) 

are measurable without Rosenbluth separation. The corresponding allowed region in the plane of aj, 
and Imuo),” is bounded on the right by a branch of the hyperbola dehned by {A — ectl) {B — ectl) — 
{C — eImcr(]Q~)^ = D. Together with |Imcr()Q~| < ai this leaves the shaded region shown in Fig. |S1 
Note that this region depends on e, both explicitly through the factors multiplying ul and Imuo))” in 
(EH) and implicitly through ap'~^ and Imcr^ in A, B and C. Stronger restrictions on and ImUfj)) 
are obtained in the same manner if one starts with the two bounds m, each of which can be written 
in the form (EH) with suitable coefficients A, B, C, D. 

8 Deeply virtual Compton scattering 

In this section we discuss the specific case of DVCS, which is measured in the exclusive electropro¬ 
duction process 

i{l)+p{P)^i{l’)+^{q')+p{P'), (56) 

where a real photon with momentum q' now plays the role taken in the previous sections by the 
produced hadron h with momentum Ph- We use the same kinematical variables as before, introduced 
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Figure 6: 


Graphs for virtual Compton scattering (a) and for the Bethe-Heitler process (b). 


in Sect. I^J and in and (1^^ . In particular, the azimuthal angle (j) is defined as in Fig. ^with 
replaced by q'. 

DVCS is one of the most valuable sources of information about generalized parton distributions. 
One reason is that in the reaction (|56|) Compton scattering interferes with the Bethe-Heitler process, 
see Fig. ini The ip cross section thus receives contributions 

da{ip i'yp) = davcs + dasH + damr (57) 


from Compton scattering and from the Bethe-Heitler process, as well as from their interference term. 
The Compton part daycs of the cross section has the same general structure as discussed in Sect.|21 
With suitable kinematics and observables, one can however also access the interference term dajj^r, 
which has a simple linear dependence on the helicity amplitudes of the subprocess j*p 'jp (as 
opposed to a quadratic dependence in daycs)- In addition, the interference term provides access to 
the phases of these subprocess amplitudes. 

In the generalized Bjorken limit of large at fixed xb and t, the Compton amplitude can be 
written as the convolution of hard-scattering kernels with GPDs (20] • The detailed dependence of 
the ip cross section on these convolutions has been given in at the leading and first subleading 

order in 1/Q. To see which combinations of GPDs are measurable with which polarization, we give 
here the expression of the interference term at leading order in 1/Q, 


dcTlNT 


dxB dQ^ dt dcf) dip 


airr. y 2- Xb Mp 




27r2 |t| Q Y e(l — e) P{cos4)) 

X ^ cos (p Re M++ -|- Pi \/1 — sin cp Im M++ 

sin (p Im M_t, + PiV 1 — cos cp Re Ml 


+ Sl 


+ St cos{(p — (ps) sin cp Im + P^V 1 — cos cp Re 

-|-S'r sin((/) — (/) 5 ) cos cp Im — P£\/l — gin cp Re 

where = ±I is the charge of the lepton beam. Notice that the factor 


(58) 


P{coscP) = l-2coscP^^^^^^^^^^^+0[^) (59) 

from the lepton propagators in the Bethe-Heitler amplitude influences the cp dependence of the cross 
section. This effect is formally of order 1/Q but can be rather important in experimentally relevant 

'^^Note that the angles used in |4()| are related to the ones used here by = [tt — here and </3[^ = [tt — 0s -|- 0]here . 
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kinematics, also because P{cos(p) appears in the denominator of (O. The coefficients appearing in 
( 1 ^ are linear combinations of 7 *p —> 'jp helicity amplitudes with both photons having helicity + 1 . 
They can be written in terms of Compton form factors as 
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++ 
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++ 


m4 
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= \/l-e 


= Vi-e 


' yto-t 
2Mp 
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2Mr, 


F,n + aFi + F2)n-^F2S 


4:M^ 


(60) 


UK + {(F, + F,) (W + ^ n + F.) «£ 


1 +e 


4M| 
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4M2 
4M2 1 + C 


4M2 


F2 


n-{ 


* +z^)aFi+F2)£ 


4M2 1 + e 




+ 


4M2 




Ci-f{Fi + F2)n. 


t 


4M2 


(f,W - F. £) + {=(f, + F,) (W + £) - {^(F, + F,)(w + £). 


4M2 


with the Dirac and Pauli form factors Fi and F 2 of the proton evaluated at momentum transfer t. The 
term with superscript S (“sideways”) contributes most strongly to the cross section for transverse 
target polarization in the hadron plane, and the term with superscript N (“normal”) contributes 
most for target polarization perpendicular to the hadron plane, according to the respective factors 
cos((^ — 4>s) and sm(<p — </>s) in (|SHI)- The Compton form factors are given as integrals over GPDs and 
read 


n{yt) 

nyt) 


f dxH^{xy,t) 

q “'-1 

/ dxH'i{x,yt) 

q 4-1 


^ — x — ie ^ + X — ie 


— + 


^ — X — ie ^ + x — ie 


+ 0{as), 

+ 0{as)i 


(61) 


where the sums are over quark flavors q with 6 ^ = 1 and = Gs = The expressions for £ and 
£ are analogous to those of TL and Ti, respectively. In (EU) we have suppressed the dependence of 
the Compton form factors on Q^, which arises at order as in analogy to the scaling violation in deep 
inelastic structure functions. 

We see in (0 that single beam or target spin asymmetries project out the imaginary parts of 
the Compton form factors, which according to (inu) are just GPDs at x = to leading order in ag- 
The real part of M_|_+ appears in the unpolarized ip cross section, and the real parts of the other 
three combinations in double spin asymmetries. Prom (PI|) one readily finds that separation of all 
four Compton form factors is possible. 

Since ^ is small in a wide range of experimentally relevant kinematics, it is instructive to write 


= 

4M2 1 

= 

t 

4M2 1 


F2n-FU£ -e 


4M2 1 


{Fi + F2)£-F2^£ +foin,£,ny£), 


F 2 W - Fi£ 




t 




{F^ + F2)i£ + eo{n,£,n). 


(62) 


For counting powers of ^ we use ^£ rather than £ in comparison with , because the contribution to 
E from pion exchange scales like see liini]. The only combination in (inni) where the helicity-flip 
distribution E is not kinematically suppressed compared with other GPDs turns out to be 
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which comes with an angular dependence like — (j)s) cos cj) or sin((/> — (ps) sin (p in the interference 
term. Note that one may rewrite 


cos{(p — (ps) sin (p Im V1 — cos (p Re M 


s 

++ 


+ sin((^ —05) cos (p Im Vl — sin 0 Re 

1 r 

2 - 


sin(20 — (ps) Im {Mf, + M^,) + 1 — cos(20 — cps) Re {Mf, + M^,) 


+ sin 05 Im (Mf+ - M^) + Pe\/l^ cos 05 Re (M^+ - M^) 


(63) 


which results in a simpler form of the angular dependence, as we have used in Sect. |21 In terms of 
dominant contributions from the different GPDs, the combinations and appear however 

more natural than their difference and sum, see (jUJ). 

Let us now take a closer look at how the different Compton form factors can be extracted from 
the polarized Ip cross section. To this end we need the general dependence on the angles 0 and 05, 
which has the form m 


_ d<yBH _ 

dxB dQ"^ dt dcp dip 


dcr vcs 

dxB dQ'^ dt dcp dip 


dcriNT 

dxB dQ'^ dt dcp dip 
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10 e P(cos0) I ^ 


cos(n0) + SLPi Y cos(n0) cff 


(64) 
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n=0 


+ SrPe cos(0 - cps) Y cos(n0) cff + sin(0 - cps) sin 0 

n=0 

( Y cos(n0) sin 0 

^ ^ V n ,=0 

2 1 
+ S'l ^ Sin(n0) + SiPi Y cos(n0) 

n=l n=0 

2 2 
+ St [ sin(0 - cps) Y cos(n0) + cos(0 - cps) Y sin(n0) 


n=0 


n=l 


+ StPi cos(0 - cps) Y cos(n0) + sin(0 - 05 ) sin 0 

n=0 

/ 3 2 


1 Mp 1 

e^TTT 
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^ cos(n0) ciY + Pi Y sin(n0) 
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10 Q eVl - e -P(cos0) 0 ;^^ 

3 2 

+ •S'l ^ sin(n 0 ) + ^LPi Y cos(n 0 ) cY 

n=l n=0 

3 3 

+ S't sin (0 - cps) Y cos(n 0 ) cY + cos (0 - 05 ) ^ sin(n 0 ) 5 ^ 5 ^ 

n=0 n=l 

2 2 

+ cos(0 - cps) Y cos(n 0 ) + sin (0 - cps) Y sin(n 0 ) sY 

71=0 n=l 


where the subscripts U, L, S, N of the angular coefficients c and s indicate an unpolarized target, or 
longitudinal, sideways or normal target polarization as explained after CT . These angular coefficients 
depend on e, xb, Q'^, t, and the kinematic prefactors have been chosen such that (up to logarithms 
in Q^) they all remain finite or vanish in the limit of large relevant for the extraction of GPDs.^^ 

^^For the purpose of our presentation we have normalized the coefficients c, s differently than in m, and we have 
chosen a different notation to indicate the target spin dependence. 
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For e ^ 0 the coefficients behave like Cn,Sn ~ and for e ^ 1 the coefficients accompanied by 

the lepton polarization vanish like \/l — e whereas the others remain finite. We see in (IMl) that 
generically asH dominates over ayes in generalized Bjorken kinematics (where \t\ <C Q^) except if 
e is sufficiently close to 1. The interference term lies in between asH and erves^ and it can most 
directly be isolated from the difference of cross sections for positive and negative lepton beam charge. 
Furthermore, we see that the Bethe-Heitler contribution depends only on the product of beam and 
target polarizations, so that it drops out in single beam or target spin asymmetries. Unless e is close 
to 1 these asymmetries will then be dominated by the interference term, with smaller contributions 
from the Compton cross section. 

Let us now discuss the dynamical content and the power behavior in Q of the angular coefficients 
in the generalized Bjorken limit. It is independent of the target polarization, and in the following we 
write Cn and Sn to collectively denote the coefficients with subscripts U, L, S, N. Detailed formulae 
and references can be found in m- It is understood that the power behavior discussed in the following 
is modified by logarithms in for the Compton and interference terms. 

1. The Bethe-Heitler coefficients and behave like IjQ^- 

2. The leading coefficients in the Compton cross section are the , which (up to logarithms) 
become independent of Q in the Bjorken limit. They are quadratic in the twist-two Compton 
form factors TC, £, P, £ introduced above, which parameterize 7 *p —> yp amplitudes with equal 
helicity of the initial and final state photon. 

and are suppressed by l/Q and can be expressed through products of twist-two with 
twist-three Compton form factors. The twist-three form factors parameterize the —> yp 

amplitudes with a longitudinal y*. They contain a part involving the twist-two GPDs already 
discussed and another part involving matrix elements of quark-antiquark-gluon operators in the 
nucleon, in analogy with the sum gi + g 2 of inclusive structure functions for DIS. 

and become again Q independent in the Bjorken limit, but only start at order a^. 
They can be expressed through products of the Compton form factors P, £, P, £ with form 
factors parameterizing y*p —> yp transitions from photon helicity —1 to -|-1. These transitions 
have a twist-two contribution from gluon transversity distributions, coming of course with a 
factor of Us- They also have a twist-four contribution from quark distributions, which comes 
without as but with a 1/Q^ suppression m Very little is known about gluon transversity 
distributions, so that we cannot say which piece will be more important in given kinematics. 

3. In the interference term the leading coefficients are c{^'^ and as we already saw in (1^ . 

They provide access to the linear form factor combinations (PH) and thus are especially important 
observables to extract from measurement. 

The coefficients involve the Compton form factors P, £, P, £ as well, but they come with 
a kinematical suppression factor 1/Q. 

The coefficients and are linear combinations of twist-three Compton form factors 

and scale as 1/Q. If one is willing to make the Wandzura-Wilczek approximation, where quark- 
antiquark-gluon matrix elements are neglected, these observables provide additional information 
on the twist-two distributions H, E, H, E. 

and are sensitive to the y*p —> yp transitions from photon helicity —1 to -|-1 and 
thus have a Q independent piece starting at order a*. 

For completeness we remark that the angular coefficients and of the interference term 

receive further contributions EH, which are suppressed compared with those just discussed by either 
powers of 1/Q^ or of ag. We need not discuss them here, given the accuracy we aim at. 
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Using the transformation rules from Sects. |23 and 1221 and some relations between trigonometric 
functions, one can readily extract from (jSl the ip cross sections for longitudinal and for transverse 
target polarization with respect to the beam, as we did in Sect. 01 We restrict ourselves here to an 
unpolarized lepton beam, where the Bethe-Heitler cross section does not contribute to the Pl or Pt 
dependence as mentioned above. In suitable kinematics one is then most sensitive to the interference 
term, which reads 


P(cos (j)) 


da int 


dxB dQ"^ dt d(j) 


oc terms independent of Pl 


Pj^=0yP£ = 0 


+ Pl sin (p cos 9 — sin 6 Cq% + | sin 0 {c 2 % — S25 ) 


+ sin(2(^) cos 9 ^ sin 0 ^ sin 9 ) 
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+ sin(3(/)) cos 0 ^ sin0 + S2S^) “ sin(4(/)) ^ sin 0 
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for longitudinal and 
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dxB dQ'^ dt dp dps 


(X terms independent of Pt 
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+ Pt sin((/) - ps) cos 0 Cq% + ^ sin 0 s{l 


+ cos 


cos 0 + i sin 0 S2 l^ + cos(20) 


cos 0 C 2 %^ 


INT 


2sin0(sii 



+ cos(3(/)) cos 0 Cg^”^ — i sin 0 — cos{4:p) ^ sin 0 Sg^^ 


+ Pt cos{p — Ps) \ sin p cos 0 5(5^ + ^ sin 0 S2 l^ + sin(2(^) cos 0 ^ sin0 


+ sin(3(/>) 


cos 0 Sg5^ + I sin 0 + sin(4(^) ^ sin 0 Sg^ 


INT 


( 66 ) 


for transverse target polarization, where we have not displayed kinematic factors which are indepen¬ 
dent on p and ps- For both polarizations, the sin(/) or cosp modulation in the cross section (at 
given p — Ps) receives its main contribution from the coefficients c{^ or s[^'^ containing the 

twist-two Compton form factors, with corrections that are power suppressed by 1/Q^. In the sin(2(^) 
and cos(2(/)) terms, however, the coefficients and S2S^ containing the twist-three Compton 

form factors appear together with other terms of the same order in 1/Q. Their extraction would 
require at least subtraction of the contributions from the coefficients c(^^, 5(5^, which are 

presumably larger than Sg^^, Cg^^, Sg^^ according to our discussion above. 

A rigorous separation of and from the l/Q^ corrections that accompany them in 

the sin p or cos p terms requires measurement of almost the full p and ps dependence in the polarized 
cross sections (the information from the sin(4(/)) and cos(4(/)) terms is redundant). For small enough 
sin0 one can however easily estimate whether these 1/Q^ corrections are numerically important, 
provided one knows the size of the sin(2(^) term in (1651) and of the sm(p — ps), sin((/) — ps) cos{2p) 
and cos{p — ps) sin(2(/)) terms in (|66|) . 
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9 Summary 

We have studied the analysis of lepton scattering on a polarized spin ^ target. Starting point was the 
general transformation between target spin states defined with respect to the lepton beam direction, 
which are relevant in experiment, and spin states defined with respect to the lepton momentum 
transfer q = I — l', which are natural to describe the hadronic part of the process in the one-photon 
exchange approximation. This transformation can easily be incorporated at the level of polarized 
cross sections and of spin asymmetries. 

Detailed information on spin properties of the nucleon can be obtained in semi-inclusive and in 
exclusive scattering from the distribution in the azimuthal angle (p between the lepton scattering 
plane and a suitably defined hadron plane. We have given the general form of the ip cross section 
for longitudinal or transverse target polarization relative to the beam direction, expressed in terms 
of polarized cross sections and interference terms of the 7 *p subprocess. Our main results, given in 
(HH), dSl and (El) are valid for all kinematics and thus hold in a variety of dynamical contexts. 
They can be used for any definition of a hadronic plane, provided this definition depends only on 
four-momenta of the 'y*p subprocess. They readily generalize to cross sections which depend on 
kinematical variables describing the hadronic final state, provided these variables are invariant under 
a parity transformation. Combining the information from both longitudinal and transverse target 
polarization, one can separate all 'y*p cross sections and interference terms, except for the contributions 
from longitudinal and transverse photons to ax + and to its counterpart Im((Tl{]^ -|- for 

proton helicity-flip. These contributions can be disentangled only by Rosenbluth separation, which 
requires measurement at different ip energies. Without this possibility, one can however use positivity 
constraints to obtain limits on a l and Im from measuring the angular dependence of the polarized 
ip cross sections. 

We have then studied the particular cases of semi-inclusive deep inelastic scattering and of exclu¬ 
sive meson production. We have also considered the case of deeply virtual Compton scattering, where 
a special angular and polarization dependence arises from the interference term between Compton 
scattering and the Bethe-Heitler process. Taking into account the power behavior in the large scale Q 
for each of these reactions, we have in particular discussed how from measured cross sections one can 
separate twist-two and twist-three quantities, whose analysis in QCD provides specific information 
on the role of spin at the interface of partons and hadrons. 

The parameter controlling the mixing of polarizations defined relative to the beam or to the 
photon direction is 7 = 2xBMp/Q. For deep inelastic measurements at low xb one can thus typically 
neglect this mixing and directly use cross section formulae like EH) and EH) for the analysis. For 
moderate or high xb, our results allow one to take these mixing effects into account without further 
model assumptions. 
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A Interference terms vs. cross sections 


Interference terms between different polarizations in the process 'y*p hX can be expressed 
through cross sections in a suitable basis of spin states. In particular, we have 
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Im a. 


++ 


= - 2 I V 
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TT 

++ 


— CT. 


ii 
++ b 


) > I™ <^00 ~ 2 ('^dd *^00 ) ’ 


(67) 


where the labels —> and <— respectively denote dehnite proton spin projection and — ^ along the 
x" axis, and the labels j and | definite proton spin projection and — ^ along the y” axis. In other 
words, Reui}^^ corresponds to the asymmetry for transverse proton polarization in the hadron plane, 
and Imcjj{j^ and Im to asymmetries for transverse proton polarization normal to the hadron 
plane. 

The interference terms between photon helicities +1 and —1 can be written as combinations of 
cross sections for linear photon polarization. With photon polarization vectors 


e^ = (0,l,0,0), et = (0,0,l,0), 
defined in coordinate system C" we have 
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(69) 


B Inclusive deep inelastic scattering 

Our derivation in Sect. IHl can readily be adapted to inclusive lepton-proton scattering Ip —> iX. The 
inclusive hadronic state X does not define a hadron plane, so that we introduce 7 *p cross sections 
and interference terms for photon and proton polarizations with respect to the lepton plane spanned 
by q and V in the target rest frame (cf. also our remarks at the end of Sect. 0 ]). In the inclusive case 
we have additional symmetry relations (Tnm — ^mn since the inclusive hadronic tensor is constrained 
by time reversal invariance.We then obtain for the £p cross section 
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for longitudinal and 




V 


XB 


1 — e 
— PtPi cos ijj 


1- XB 1 


-1 


da 


1 

= - I cr. 


Pl=0 


++ + ^++) + ^^ 00 ^ 


dxB dQ"^ d'tp 
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( 71 ) 


'^®For the semi-inclusive or exclusive case time reversal does not constrain the hadronic tensor since it transforms 
the states \hX) from “out” to “in” states. In the inclusive case this is of no consequence because one sums over a 
complete set of final states. 
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for transverse target polarization. Using the relation between ijj and 4>s from Sect. [221 and taking into 
account that is now purely real because of time reversal invariance, we see that this corresponds to 
the (p independent terms of our formulae (( 221 ), dSl and (El) for semi-inclusive or exclusive scattering. 
It is customary to introduce double spin asymmetries m 
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cos "0 da^ {p)) + da^ {^p + tt) + da^ {rp) + da^ {ip + tt) 
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(72) 


where denotes right-handed and cr^ left-handed lepton beam polarization. Note that the ip 
dependence of the numerator is divided out in A±. One further introduces asymmetries Ai and A 2 
for the subprocess 'y*p —> X, which are related to the usual inclusive structure functions by 
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The relation between lepton and photon asymmetries is usually given in the form m 
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Comparing with dZOl) and dZl we identify 
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The factors (1 -|- eR) ^ = cit/(o't + eo'l) in (1761) reflect that the 7 *p asymmetries are dehned with 
respect to the transverse cross section or- Positivity of the matrix ((47() implies | (xXX)^^'^ 


and we thus recover the bound 

1 ^ 2 ! ^ + ^ 1 ) R 


(78) 


derived in |44| . 


C Integrals for exclusive meson production 

For definiteness we give here the convolution integrals appearing in m and m for ip —> ip^p and 
for ip iTT^n. Results for other channels can be found in msiiiMj- To leading order in q;<j one has 
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with the meson decay constants fp ^ 209 MeV and ~ 131 MeV and the respective light-cone 
distribution amplitudes normalized as Jq dz (p{z) = 1. Our definitions of GPDs are such that for ^ = 0, 
t = 0 and X > 0 they are related to the usual parton densities in the proton as 77'?(x, 0,0) = q{x), 
77®(x,0,0) = xg{x) and 77'?(x,0,0) = Ag(x) pTT] . The convolutions SpO and S^+ are obtained from 
(Uni) by replacing H with E and H with E. 
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